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Abstract
In this paper, we study the forced oscillation of certain systems of impulsive parabolic differential equations with
several delays. Some oscillation criteria are established.
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1. Introduction
It is well known that many evolution processes experience changes of state abruptly because of short-
term perturbations.We usually regard these perturbations as impulsive type because the duration of these
perturbations is negligible in comparison with the duration of the processes considered. In the past few
years, the theory of impulsive partial differential equations has been investigated extensively. For instance,
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see [1–9] and the references therein. Recently, the oscillations for impulsive delay parabolic differential
equations and impulsive delay hyperbolic differential equations were studied by Fu et al. [6] and Cui
et al. [3], respectively. But nobody studied the forced oscillation of systems of impulsive delay partial
differential equations, as far as we know.
In this paper, we study the forced oscillation of systems of impulsive parabolic differential equations
with several delays of the form

t
ui(x, t)=
m∑
k=1
aik(t)uk(x, t)+
m∑
k=1
bik(t)uk(x, t − ik)
− ci(x, t, (uk(x, t))mk=1, (uk(x, t − ik))mk=1)
−
l∑
h=1
qih(x, t)ui(x, t − ih)+ fi(x, t), t = j,
ui(x, t
+
j )− ui(x, t−j )= pi(x, tj , ui(x, tj )),
i ∈ Im, j ∈ I∞, (x, t) ∈ × R+ ≡ G, (1)
where Im = {1, 2, . . . , m}, I∞ = {1, 2, . . .}, R+ = [0,∞), is a bounded domain in Rn with a smooth
boundary ,
ui(x, t)=
n∑
r=1
2ui(x, t)
x2r
, i ∈ Im, 0< t1< t2< · · ·< tj < · · ·
and limj→∞tj =∞.
Consider the following boundary condition:
ui(x, t)
N
= i(x, t), (x, t) ∈ × R+, t = tj , i ∈ Im, j ∈ I∞ (2)
and the initial condition
ui(x, t)= i(x, t), (x, t) ∈ × [−i , 0], (3)
whereN is the unit exterior normal vector to  and i ∈ PC[×R+, R], i ∈ Im,PC denotes the class
of functions, which are piecewise continuous in t with discontinuities of ﬁrst kind only at t = tj and left
continuous at t = tj , j ∈ I∞,
i =max{ik, ik, ih; k ∈ Im, h ∈ Il},i ∈ C2(× [−i , 0], R), i ∈ Im, Il = {1, 2, . . . , l}.
Throughout this paper, we assume that the following conditions hold:
(C1) aik, bik ∈ PC[R+, R+], i, k ∈ Im;
(C2) ik0, ik0, and ih0 are constants, i, k ∈ Im, h ∈ Ii ;
(C3) ci ∈ PC[G× R2m,R] and
ci(x, t, 1, . . . , i , . . . , m, 	1, . . . , 	i , . . . , 	m)
{
0 if i and 	i ∈ (0,∞),
0 if i and 	i ∈ (−∞, 0), i ∈ Im;
48 W.N. Li / Journal of Computational and Applied Mathematics 181 (2005) 46–57
(C4) qih ∈ PC[G,R+], qih(t)=minx∈qih(x, t), i ∈ Im, h ∈ Il ;
(C5) fi ∈ PC[G,R], pi ∈ G× R → R, i ∈ Im, j ∈ I∞;
(C6) for any function 
i ∈ PC[G,R+], the following conditions are satisﬁed:
pi(x, tj ,−ui(x, tj ))=−pi(x, tj , ui(x, tj ))
and ∫

pi(x, tj , ui(x, tj )) dxij
∫

ui(x, tj ) dx,
where ij > 0 is a constant, i ∈ Im, j ∈ I∞.
Deﬁnition 1.1. The vector function u(x, t)= {u1(x, t), u2(x, t), . . . , um(x, t)}T is said to be a solution
of problem (1) and (2) if the following conditions are satisﬁed:
(i) ui(x, t) is a ﬁrst differentiable function for t, t = tj , j ∈ I∞, i ∈ Im;
(ii) ui(x, t) is a piecewise continuous function with points of discontinuity of the ﬁrst kind at t= tj , j ∈
I∞, and at the moments of impulse the following relations are satisﬁed:
ui(x, t
−
j )= ui(x, tj ), ui(x, t+j )= ui(x, tj )+ pi(x, tj , ui(x, tj )), i ∈ Im, j ∈ I∞;
(iii) ui(x, t) is a second-order differentiable function for x, i ∈ Im;
(iv) ui(x, t) satisﬁes (1) in the domain G and boundary condition (2), i ∈ Im.
Deﬁnition 1.2. A nontrivial component ui(x, t) of the vector function u(x, t)= {u1(x, t), u2(x, t), . . . ,
um(x, t)}T is said to oscillate in ×[
0,∞) if for each 
> 
0 there is a point (x0, t0) ∈ ×[
,∞) such
that ui(x0, t0)= 0.
Deﬁnition 1.3. The vector solution u(x, t)= {u1(x, t), u2(x, t), . . . , um(x, t)}T of problem (1) and (2)
is said to oscillate in the domain G= ×R+, if at least one of its nontrivial component oscillates in G.
Otherwise, the vector solution u(x, t) is said to be nonoscillatory in G.
Deﬁnition 1.4. The vector solution u(x, t)= {u1(x, t), u2(x, t), . . . , um(x, t)}T of the problem (1) and
(2) is said to strongly oscillate in the domain G= × R+ if each of its nontrivial component oscillates
in G.
In this paper, we shall use the following notations:
Ui(t)=
∫

ui(x, t) dx, i(t)=
∫

i(x, t) dS, Fi(t)=
∫

fi(x, t) dx,
Hi(t)= Fi(t)+
m∑
k=1
aik(t)k(t)+
m∑
k=1
bik(t)k(t − ik), t ∈ R+, i ∈ Im,
where dS is the surface element on , and∏
t0<tj<t
(1+ j )w(t0)= [(1+ 1)(1+ 2) · · · (1+ j ) · · ·]w(t0), t0< tj < t, j ∈ I∞, t ∈ R+.
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In Section 2, we shall offer some lemmas, which will be used in Section 3 to establish our oscillation
criteria of problem (1) and (2).
2. Some lemmas
Lemma 2.1. Suppose that u(x, t)= {u1(x, t), u2(x, t), . . . , um(x, t)}T is a solution of problem (1) and
(2) in G. If there exists some i0 ∈ Im such that ui0(x, t)> 0, tT , then Ui0(t) satisﬁes the impulsive
differential inequality
V ′(t)+
l∑
h=1
qi0h(t)V (t − i0h)Hi0(t), tT , t = tj ,
V (t+j )(1+ i0j )V (tj ), j ∈ I∞, (4)
where T is a sufﬁciently large positive number.
Proof. Consider the following equation:

t
ui0(x, t)=
m∑
k=1
ai0k(t)uk(x, t)+
m∑
k=1
bi0k(t)uk(x, t − i0k)
− ci0(x, t, (uk(x, t))mk=1, (uk(x, t − i0k))mk=1)
−
l∑
h=1
qi0h(x, t)ui0(x, t − i0h)+ fi0(x, t), t = tj ,
ui0(x, t
+
j )− ui0(x, t−j )= pi0(x, tj , ui0(x, tj )),
j ∈ I∞, (x, t) ∈ × R+ ≡ G. (5)
From the assumptions of Lemma 2.1, we have ui0(x, t)> 0, (x, t) ∈ × [T ,∞). Then there exists a
number T1T such that ui0(x, t)> 0, ui0(x, t − i0k)> 0, ui0(x, t − i0k)> 0 and ui0(x, t − i0h)> 0 in
× [T1,∞), k ∈ Im, h ∈ Il .
Case 1: t = tj . Integrating the ﬁrst equation in (5) with respect to x over the domain , we have
d
dt
∫

ui0(x, t) dx =
m∑
k=1
ai0k(t)
∫

uk(x, t) dx +
m∑
k=1
bi0k(t)
∫

uk(x, t − i0k) dx
−
∫

ci0(x, t, (uk(x, t))
m
k=1, (uk(x, t − i0k))mk=1) dx
−
l∑
h=1
∫

qi0h(x, t)ui0(x, t − i0h) dx
+
∫

fi0(x, t) dx, tT1, t = tj , j ∈ I∞. (6)
50 W.N. Li / Journal of Computational and Applied Mathematics 181 (2005) 46–57
Using Green’s formula and (2), we have∫

uk(x, t) dx =
∫

uk(x, t)
N
dS =
∫

k(x, t) dS =k(t) (7)
and ∫

uk(x, t − i0k) dx =
∫

uk(x, t − i0k)
N
dS
=
∫

k(x, t − i0k) dS
=k(t − i0k), tT1, t = tj , j ∈ I∞, k ∈ Im. (8)
Noting that ui0(x, t)> 0, ui0(x, t − i0k)> 0, from assumption (C3), we easily obtain
ci0(x, t, (uk(x, t))
m
k=1, (uk(x, t − i0k))mk=1)0, tT1, t = tj , j ∈ I∞. (9)
Therefore, combining (6)–(9) and using assumption (C4), we have
U ′i0(t)+
l∑
h=1
qi0h(t)Ui0(t − i0h)Fi0(t)+
m∑
k=1
ai0k(t)k(t)
+
m∑
k=1
bi0k(t)k(t − i0k), tT1, t = tj , j ∈ I∞. (10)
Case 2: t = tj . It follows from the second equation in (5) and assumption (C6) that
Ui0(t
+
j )=
∫

ui0(x, t
+
j ) dx =
∫

ui0(x, tj ) dx +
∫

pi0(x, tj , ui0(x, tj )) dx

∫

ui0(x, tj ) dx + i0j
∫

ui0(x, tj ) dx = (1+ i0j )Ui0(tj ),
tT1, t = tj , j ∈ I∞. (11)
Therefore, (10) and (11) show that Ui0(t)> 0 satisﬁes the impulsive differential inequality (4). The
proof is complete. 
Lemma 2.2. Suppose that u(x, t)= {u1(x, t), u2(x, t), . . . , um(x, t)}T is a solution of problem (1) and
(2) in G. If ui(x, t)> 0, tT , i ∈ Im, then Ui(t) satisﬁes the impulsive differential inequality
V ′(t)+
l∑
h=1
qih(t)V (t − ih)Hi(t), tT , t = tj ,
V (t+j )(1+ ij )V (tj ), j ∈ I∞, i ∈ Im, (12)
where T is a sufﬁciently large positive number.
The proof of Lemma 2.2 is similar to that of Lemma 2.1. So we omit it here.
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Lemma 2.3. Suppose that u(x, t)= {u1(x, t), u2(x, t), . . . , um(x, t)}T is a solution of problem (1) and
(2) in G. If there exists some i0 ∈ Im such that ui0(x, t)< 0, tT , then Ui0(t) satisﬁes the impulsive
differential inequality
V ′(t)+
l∑
h=1
qi0h(t)V (t − i0h)Hi0(t), tT , t = tj ,
V (t+j )(1+ i0j )V (tj ), j ∈ I∞, (13)
where T is a sufﬁciently large positive number.
Proof. Consider Eq. (5) and let ui0(x, t)< 0 be a solution of (5). Then there exists a number T1T such
that ui0(x, t)< 0, ui0(x, t − i0k)< 0, ui0(x, t − i0k)< 0 and ui0(x, t − i0h)< 0 in  × [T1,∞), k ∈
Im, h ∈ Il .
Case 1: t = tj . As in the proof of Lemma 2.1, we obtain (6)–(8). Combining (6)–(8) and using
assumptions (C3) and (C4), we have
U ′i0(t)+
l∑
h=1
qi0h(t)Ui0(t − i0h)Fi0(t)+
m∑
k=1
ai0k(t)k(t)
+
m∑
k=1
bi0k(t)k(t − i0k), tT1, t = tj , j ∈ I∞. (14)
Case 2: t = tj . It follows from the second equation in (5) and assumption (C6) that
Ui0(t
+
j )=
∫

ui0(x, t
+
j ) dx =
∫

ui0(x, tj ) dx +
∫

pi0(x, tj , ui0(x, tj )) dx
=
∫

ui0(x, tj ) dx −
∫

pi0(x, tj ,−ui0(x, tj )) dx

∫

ui0(x, tj ) dx + i0j
∫

ui0(x, tj ) dx
= (1+ i0j )Ui0(tj ), tT1, t = tj , j ∈ I∞. (15)
Obviously, (14) and (15) show that Ui0(t)< 0 satisﬁes the impulsive differential inequality (13). The
proof is complete. 
Similarly, we can establish the following result.
Lemma 2.4. Suppose that u(x, t)= {u1(x, t), u2(x, t), . . . , um(x, t)}T is a solution of problem (1) and
(2) in G. If ui(x, t)< 0, tT , i ∈ Im, then Ui(t) satisﬁes the impulsive differential inequality
V ′(t)+
l∑
h=1
qih(t)V (t − ih)Hi(t), tT , t = tj ,
V (t+j )(1+ ij )V (tj ), j ∈ I∞, i ∈ Im, (16)
where T is a sufﬁciently large positive number.
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Lemma 2.5 (Zhang [9]). Assume that 0 t0< t1< t2< · · ·< tj < · · · , limj→∞ tj = ∞, w ∈ PC1
[R+, R], h ∈ PC[R+, R], and j > 0 is a constant, j ∈ I∞. If
w′(t)h(t), t t0, t = tj ,
w(t+j )(1+ j )w(tj ), j ∈ I∞, (17)
then
w(t)
∏
t0<tj<t
(1+ j )w(t0)+
∫ t
t0
∏
s<tj<t
(1+ j )h(s) ds, t t0. (18)
3. Main results
We ﬁrstly introduce the following useful deﬁnition.
Deﬁnition 3.1. The solution V (t) of the impulsive differential inequality (4) ((13)) is called eventually
positive (negative), if there exists a number 
0 such that V (t)> 0 (V (t)< 0) for t
.
Using Lemmas 2.1 and 2.3, we immediately obtain the following theorem.
Theorem 3.1. If there exists some i0 ∈ Im such that the impulsive differential inequality (4) has no
eventually positive solutions and the impulsive differential inequality (13) has no eventually negative
solutions, then every solution of problem (1) and (2) is oscillatory in G.
Theorem 3.2. If there exists some i0 ∈ Im such that
∞∑
j=1
i0j <∞, (19)
lim inf
t→∞
∫ t
T
∏
s<tj<t
(1+ i0j )Hi0(s) ds∏
T<tj<t
(1+ i0j )
=−∞ (20)
and
lim sup
t→∞
∫ t
T
∏
s<tj<t
(1+ i0j )Hi0(s) ds∏
T<tj<t
(1+ i0j )
=∞, (21)
where j ∈ I∞, T is a sufﬁciently large positive number.
Then every solution of problem (1) and (2) is oscillatory in G.
Proof. We prove that the impulsive differential inequality (4) has no eventually positive solutions and
the impulsive differential inequality (13) has no eventually negative solutions.
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Firstly, assume to the contrary that (4) has an eventually positive solution Ui0(t), then there exists
T1T such that Ui0(t)> 0, Ui0(t − i0h)> 0, tT1, h ∈ Il . Thus from (4) we have
U ′i0(t)Hi0(t), tT1, t = tj ,
Ui0(t
+
j )(1+ i0j )Ui0(tj ), j ∈ I∞. (22)
Using Lemma 2.5, we have
Ui0(t)
∏
T1<tj<t
(1+ i0j )Ui0(T1)+
∫ t
T1
∏
s<tj<t
(1+ i0j )Hi0(s) ds, tT1. (23)
From (23), we have
Ui0(t)∏
T1<tj<t
(1+ i0j )
Ui0(T1)+
∫ t
T1
∏
s<tj<t
(1+ i0j )Hi0(s) ds∏
T1<tj<t
(1+ i0j )
, tT1. (24)
Noting conditions (19) and (20) and taking t →∞, from (24) we obtain
lim inf
t→∞
Ui0(t)∏
T1<tj<t
(1+ i0j )
=−∞,
which contradicts with the assumption that Ui0(t)> 0.
Nextly, assume to the contrary that the impulsive differential inequality (13) has an eventually negative
solutionUi0(t). Then there exists T1T such thatUi0(t)< 0, Ui0(t−i0h)< 0, tT1, h ∈ Il . Thus from
(13) we have
U
′
i0(t)Hi0(t), tT1, t = tj ,
Ui0(t
+
j )(1+ i0j )Ui0(tj ), j ∈ I∞. (25)
LetW(t)=−Ui0(t), thenW(t)> 0. Obviously, it follows from (25) that
W ′(t) −Hi0(t), tT1, t = tj ,
W(t+j )(1+ i0j )W(tj ), j ∈ I∞. (26)
Using Lemma 2.5, we have
W(t)
∏
T1<tj<t
(1+ i0j )W(T1)−
∫ t
T1
∏
s<tj<t
(1+ i0j )Hi0(s) ds, tT1. (27)
From (27), we obtain
W(t)∏
T1<tj<t
(1+ i0j )
W(T1)−
∫ t
T1
∏
s<tj<t
(1+ i0j )Hi0(s) ds∏
T1<tj<t
(1+ i0j )
, tT1,
i.e.
Ui0(t)∏
T1<tj<t
(1+ i0j )
Ui0(T1)+
∫ t
T1
∏
s<tj<t
(1+ i0j )Hi0(s) ds∏
T1<tj<t
(1+ i0j )
, tT1. (28)
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Noting condition (19) and (21) and taking t →∞, from (28) we have
lim sup
t→∞
Ui0(t)∏
T1<tj<t
(1+ i0j )
=∞,
which contradicts with the assumption that Ui0(t)< 0. This completes the proof. 
Using Lemmas 2.2, 2.4 and 2.5, it is easy to see that the following strong oscillation results of problem
(1) and (2) are parallel to the above oscillation conclusions.
Theorem 3.3. Suppose that for all i ∈ Im, the impulsive differential inequality
V ′(t)+
l∑
h=1
qih(t)V (t − ih)Hi(t), tT , t = tj ,
V (t+j )(1+ ij )V (tj ), j ∈ I∞, (29)
has no eventually positive solutions and the impulsive differential inequality
V ′(t)+
l∑
h=1
qih(t)V (t − ih)Hi(t), tT , t = tj ,
V (t+j )(1+ ij )V (tj ), j ∈ I∞ (30)
has no eventually negative solutions, where T is a sufﬁciently large positive number.
Then every solution of problem (1) and (2) strongly oscillates in G.
Theorem 3.4. Suppose that for all i ∈ Im, the following conditions are satisﬁed:
∞∑
j=1
ij <∞, (31)
lim inf
t→∞
∫ t
T
∏
s<tj<t
(1+ ij )Hi(s) ds∏
T<tj<t
(1+ ij ) =−∞ (32)
and
lim sup
t→∞
∫ t
T
∏
s<tj<t
(1+ ij )Hi(s) ds∏
T<tj<t
(1+ ij ) =∞, (33)
where j ∈ I∞, T is a sufﬁciently large positive number.
Then every solution of problem (1) and (2) strongly oscillates in G.
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Example 3.1. Consider the following system:
u1(x, t)
t
= 2u1(x, t)+ a12(t)u2(x, t)+ b11(t)u1(x, t − )+ 6tu2
(
x, t − 3
2
)
− 1
2
u1(x, t)− 12u1(x, t − 2)− e
tu1
(
x, t − 
5
)
− et (sin t + cos t)(1+ cos x),
t = j
3
, j ∈ I∞,
u1(x, t
+
j )− u1(x, t−j )= t−3j u1(x, tj ) cos
x
3
, tj = j3 , j ∈ I∞,
u2(x, t)
t
= a21(t)u1(x, t)+ 2etu2(x, t)+ 13u1
(
x, t − 3
4
)
+ b22(t)u2
(
x, t − 
4
)
− 1
2
u2(x, t − )− 12u2(x, t − 2)− 3e
tu2
(
x, t − 
3
)
+ et sin t cos x, t = j
3
, j ∈ I∞,
u2(x, t
+
j )− u2(x, t−j )= t−7j u2(x, tj ) cos
x
2
, tj = j3 , j ∈ I∞,
(x, t) ∈ (0, )× [0,∞), (34)
with boundary condition
ui(0, t)
x
= ui(, t)
x
= 0, t0, t = j
3
, j ∈ I∞, i = 1, 2, (35)
where
a12(t)=
{
3, t = 0,
3+ 1
1− cos 6t , t =
j
3
, j ∈ I∞,
b11(t)=
{
4, t = 0,
4+ 3
1− cos 12t , t =
j
3
, j ∈ I∞,
a21(t)=
{
1, t = 0,
1+ 2
1− cos2 3t , t =
j
3
, j ∈ I∞
and
b22(t)=
{
2, t = 0,
2+ 1
1− cos29 t , t =
j
3
, j ∈ I∞ .
Here  = (0, ), n = 1,m = 2, l = 1, ci(x, t, (uk(x, t))2k=1, (uk(x, im(t)))2k=1) = 12 (ui(x, t) + ui
(x, ii(t))), (i=1, 2), f1(x, t)=−et (sin t + cos t)(1+ cos x), f2(x, t)= et sin t cos x, p1(x, t, u1)=
t−3u cos(x/3), and p2(x, t, u2)= t−7u cos(x/2).
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It is easy to see that 1(t)=2(t)= 0, then
H1(t)= F1(t)=
∫

f1(x, t) dx =
∫ 
0
f1(x, t) dx =−et (sin t + cos t),
H2(t)= F2(t)=
∫

f2(x, t) dx =
∫ 
0
f2(x, t) dx = 0.
On the other hand, noting that, for u1
(
x,
j
3
)
0 and u2
(
x,
j
2
)
0,
∫

p1
(
x,
j
3
, u1
(
x,
j
3
))
dx =
∫ 
0
(
j
3
)−3
u1
(
x,
j
3
)
cos
x
3
dx

(
j
3
)−3 ∫ 
0
u1
(
x,
j
3
)
dx
and ∫

p2
(
x,
j
3
, u2
(
x,
j
2
))
dx =
∫ 
0
(
j
3
)−7
u2
(
x,
j
3
)
cos
x
2
dx

(
j
3
)−7 ∫ 
0
u2
(
x,
j
3
)
dx, j ∈ I∞,
we obtain
1j =
(
j
3
)−3
, 2j =
(
j
3
)−7
, j ∈ I∞.
Hence
∞∑
j=1
1j =
∞∑
j=1
(
j
3
)−3
<∞,
lim inf
t→∞
∫ t
T
∏
s<tj<t
(1+ 1j )H1(s) ds∏
T<tj<t
(1+ 1j ) =−∞
and
lim sup
t→∞
∫ t
T
∏
s<tj<t
(1+ 1j )H1(s) ds∏
T<tj<t
(1+ 1j ) =∞,
where j ∈ I∞, T is a sufﬁciently large positive number.
Therefore, all the conditions of Theorem 3.2 are fulﬁlled. Then every solution of problem (34), (35)
oscillates in (0, )× [0,∞).
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